We study the transversal XY spin-spin correlations in the non-equilibrium steady state constructed in [4] and prove their spatial exponential decay close to equilibrium.
Introduction
The XY model is the one-dimensional spin system, introduced in [9] , whose Hamiltonian is specified by (5) (low dimensional magnetic systems of this kind have been intensively studied experimentally, see e.g. [12, 13] ). Already in [9] , for vanishing external magnetic field λ = 0, it was found that the transversal spin-spin correlations in the ground state and at nonzero temperature can be expressed by means of determinants of large Toeplitz matrices (the correlation functions in the 1 and the 2 directions are called transversal whereas the correlation function in the 3 direction is called longitudinal). Moreover, bounds were found on these correlations showing that they decay to zero, at least in the isotropic case γ = 0. Later, in [10] , this study was continued yielding an asymptotic evaluation of the transversal correlations with the help of Szegö's theorem. Afterwards, in [5] , almost the complete phase diagram in γ and λ for the behavior of the correlation functions both in the longitudinal and in the transversal directions were obtained, and so for zero and nonzero temperature. The result of this study for the case of nonzero temperature is that all the correlation functions vanish exponentially rapidly with a decay rate which depends on the magnetic field λ and the anisotropy γ.
In this note, we study the large n behavior of the transversal spin-spin correlations in the nonequilibrium steady state (NESS) ω constructed in [4] for a setting which has become to serve as paradigm in non-equilibrium statistical mechanics: a "small" system which is coupled to two infinite reservoirs which are in thermal equilibrium at different inverse temperatures β L and β R , cf. the following section. We parametrize our non-equilibrium setting with the help of the numbers
for which we make the following assumptions in this note,
If the temperature difference of the reservoirs vanishes, δ = 0, the total system is in thermal equilibrium at inverse temperature β L = β R . Moreover, we will assume that the anisotropy γ and the magnetic field λ satisfy γ ∈ (−1, 1), λ ∈ R and either γ = 0, |λ| > 1 or γ = 0, λ = ±1.
Now we can state our claim. Let ω be the NESS constructed in [4] , σ j , j = 1, 2, the Pauli matrices in the transversal directions, and
the transversal spin-spin correlations in the NESS ω.
Theorem Assume (3). Then, for sufficiently small δ, the transversal correlation functions C j (n) are exponentially rapidly decaying for n → ∞,
where the decay rate λ j (β, δ) > 0 is specified in (16).
Remark 1
The technique used in the proof takes advantage of the fact that the correlation functions can be written as block Toeplitz determinants (cf. Appendix). For such determinants, with sufficiently smooth symbols, we have Szegö type theorems at our disposal, cf. (15).
Remark 2
In the following discussion, we restrict ourselves to the case of the 1 direction, the 2 direction being similar, cf. for example the Jordan-Wigner transformation for σ 2 in (25).
Remark 3
For δ = 0, the correlation in the 3 direction decays like 1/n 2 at infinity for all γ ∈ (−1, 1), λ ∈ R, cf. [4, Thm 2.5.]. In contrast to this result, our theorem does not confirm the folklore about the change in the type of decay -from short range to long range -when passing from equilibrium to non-equilibrium.
Remark 4
At equilibrium, δ = 0, due to the smoothness of the symbol (cf. Appendix), we find as in [5] exponential decay in the 1 and 2 direction without any restriction on the anisotropy γ and the magnetic field λ (exponential decay in the 3 direction follows from the proof of [4, Thm 2.5]).
The non-equilibrium setting for the XY chain
In this section we give a brief informal description of our non-equilibrium setting for the XY chain. We refer to [3, 8] for a precise formulation within the framework of C * algebraic quantum statistical mechanics.
The Hamiltonian of the XY model on the lattice Z is formally given by
where
, denote the Pauli matrices at site x ∈ Z in the j direction, and γ ∈ (−1, 1), λ ∈ R. The parameter γ describes the anisotropy of the spin-spin coupling whereas λ stands for an external magnetic field. Removing the two bonds at the sites ±M, M > 0, divides the initial chain into a compound of three noninteracting subsystems. This configuration is what we call the free system with
The infinite pieces Λ L , Λ R will play the role of thermal reservoirs to which the finite system on Λ S is coupled by means of V = H Z − H 0 . In contrast, the initial configuration (i.e. the original XY chain on the whole of Z) is considered to be the perturbed system. In order to construct a NESS in the sense of [11] we choose the initial state ω 0 to be composed of (τ α , β α )-KMS states ω α on Λ α , α = L, R, and of the normalized trace state ω S on Λ S , i.e. we set ω 0 = ω L ⊗ ω S ⊗ ω R (τ α denotes the time evolution generated by H Λα and β α is the inverse temperature). Using the Jordan-Wigner transformation which maps the XY model on a model of free fermions the NESS ω = lim t→∞ ω 0 τ t for this non-equilibrium setting has been constructed in [4] using scattering theory on the 1-particle Hilbert space of the fermions (τ t denotes the perturbed time evolution). It has been shown in [4] that ω is a quasi-free state with 2-point operator S ,
Here, B(f ) is a rewriting of the standard CAR creation and annihilation operators in self-dual terms, cf. [1] and the Appendix. Moreover, S can be explicitly computed,
where β, δ are given in (1), and the 1-particle operators h and k look like (in the Fourier picture,
with the functions κ(ξ) and |h(ξ)| = µ(ξ) 1 2 given by
cf. (28), (29) and (31).
Exponential decay of the correlation function
We can express the (square) of the transversal correlation function by means of the determinant of a block Toeplitz matrix (26), (34). In order to estimate its decay we decompose the 2 × 2 matrix valued symbol a(ξ) (see (35), (30), (36))
In the proof of our theorem (4) we make use of the decomposition of (9) into a product of a regular matrix factor b(ξ) and a singular matrix factor c(ξ),
The regular factor b(ξ) ∈ C 2×2 looks like
whereas
In order to take advantage of this decomposition we need the following lemma.
Lemma Assume (3). Then, the block Toeplitz operator T [b] is invertible.
Proof
Now we turn to the proof of our theorem.
Proof Using the decomposition (10) we write the block Toeplitz operator T [a] with the help of the quasi-commutator identity [6, (6. 2)] (see (18), (23), (24)),
Taking the finite section of (12) by means of the projection P n from (21), setting Q n = 1 n −P n , and extracting T n [b] = P n T [b]P n , we arrive at the expression
We estimate the determinant of T n [a] with the help of an inequality of Weyl [7, p.35 
The number λ j (A) denotes the j-th eigenvalue of the matrix A, and s j (A) its j-th singular value, cf. [7, p.26] . Now, Fan's inequality [7, p .29] and s 1 (A) = A allows us to estimate the singular values,
Here, we used that 
Using Hölder's inequality [7, p .93] we can write T −1
With the help of the Lemma, reference [6, Thm 6.15] implies
Moreover, we know from [6, §6.6 and (5.46)] that C n 1 behaves like
Thus, we are left with the problem of comparing the exponential growth with the exponent 2n ϕ δ /ϕ β ∞ from (13) with the large n behavior of det T n [b] . The latter behavior is described by the Szegö-Widom limit theorem [6, Thm 6.30]: It states that
are invertible (the same argument as in the lemma also holds for
Hence, since 0 < ϕ β ≤ C < 1 (for some constant C independent of δ), we can prove exponential decay for sufficiently small δ,
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Remark 5
As soon as the temperatures are sufficiently high, exponential decay holds for all 0 ≤ δ < β.
Appendix Block Toeplitz matrices
Let N ∈ N. We define the space l
where · C N denotes the Euclidean norm on C N . Moreover, for a sequence of N × N matrices
is defined through its action on elements of l
for some a ∈ L ∞ N ×N [6, p.186] , where (with Let n ∈ N. With the help of the projection P n ∈ L(l 2 N ),
we define the finite section of T [a] on the range of P n by
The correlation function as a block Toeplitz determinant
For all the notions appearing below we refer to [4] for more details.
We denote by C(n) the transversal correlation function C 1 (n) in the 1 direction,
The Jordan-Wigner transformation expresses the spins σ
3 , x ∈ Z, by means of fermionic creation and annihilation operators a
3 for x < 1. The element T stems from Araki's C * crossed product extension of the CAR algebra, cf. [2] . It has the properties T 2 = 1, T a 
+ a
where a
2 (Z), δ x (y) = 1 for y = x and zero otherwise). With the linear map B, l
± ). Hence, we can express the correlation function C(n) as
Since ω is quasi-free (cf. [4, §2, §3.5]), we can write C(n) in the form of a Pfaffian (where the Pfaffian Pf A of a matrix A ∈ C 2n×2n is defined by Pf A = π∈S 2n sign(π) n k=1 A π 2k−1 ,π 2k , and the sum runs over all π in the permutation group S 2n which satisfy π 2k , π 2k+1 > π 2k−1 ; if A is antisymmetric, A T = −A, the Pfaffian of A is related to the determinant of A through (Pf A) 2 = det A). Thus, defining the following antisymmetric matrix Ω(n) ∈ C 2n×2n ,
.., 2n, and j < k,
.., n, we are led to study the large n asymptotics of the determinant of the 2n × 2n matrix Ω(n),
In order to bring Ω(n) into the form of a block Toeplitz matrix, we compute the matrices
We start with A jk ++ . The quasi-free state ω is specified by its two-point multiplication operator S on L 2 ⊗ C 2 (cf. (28) and [4, §2, §3.5]),
The component s 0 looks like
with the definition (α ∈ R)
and κ(ξ) and µ(ξ) are given in (8). The triple s(ξ) = (s 1 (ξ), s 2 (ξ), s 3 (ξ)) has the form
where the unit vector r(ξ) reads
Hence, using (28), (29) and (31), we compute A jk
Note that A jk ++ depends on the difference of k and j only. We thus write A 
Extracting the symbol a(ξ) in (19) from (33), we find
where we made use of the definition
andq(ξ) denotes the complex conjugate function of q(ξ).
